To extend the calculation power of tensor analysis, we introduce four new definition of tensor calculations. Some useful tensor identities have been proved. We demonstrate the application of the tensor identities in continuum mechanics: momentum conservation law and deformation superposition.
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Introduction
In mathematics, a tensor is an arbitrarily complex geometric object that maps in a (multi-)linear manner geometric vectors, scalars, and other tensors to a resulting tensor. Tensor analysis emphasise independence of any selection of a coordinate system, which is useful in formulation of physics laws Truesdell & Toupin (1960) ; Truesdell & Noll (1969) ; Eringen (1980) ; Green & Zerna (1950) ; Guo (1980 Guo ( , 1988 ; Huang & Lu (2003) ; Hassani (2006) ; Xie (2014) ; Sun (2017 Sun ( , 2018a ; Zhao (2016) .
Generally speaking, there are two kind of tensor representations (expression), one is in component form and another is in total one. The former is denoted by indexed, e.g., Aij and later by boldface, e.g., A, with relation A = Aije
Each form has its own advantages. The boldface representation of a tensor is index-free form, which is getting more popular. This article will use both representation. In tensor calculus, tensor identity is important. In this article, we will derive some useful tensor identities which have never been seen in literature before (listed in Table 1 ).
To extend the calculation power of tensors, we define a new type of tensor products, namely, dot-tensor The paper is organized into various sections, namely: Section II highlights preliminaries of tensor calculus; Section III introduces some new tensor calculations; Section IV proves some lemmas; Section V proves some tensor calculus identities; Section VI demonstrates application in momentum conservation law; Section VII demonstrates application in deformation superposition and dislocation density tensor; and, finally, Section VIII concludes with perspectives.
Preliminaries of tensor calculus
Kronecker symbol: δij = ei · ej; Permutation symbol: ε = ε ijk eieje k The unit tensor: 
New tensor calculations
To extend the calculation power of tensors, we introduce some new type of tensor calculations: Dot-tensor Their definitions are listed in 2 below. In the following, the above-mentioned calculations are shown very useful in formulation of total expression of tensor identities.
Lemma
Before we start our work, it is important to note that all the results obtained for cartesian tensors in this article also apply to tensors in any coordinate system Huang & Lu (2003) .
From the curl definition A×∇ = ∂iA×ei = A,i×ei, and eiejem
Tensor calculus identities
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, where the permutation tensor ε = ε ijk eieje k . 
Application: The momentum conservation law
In continuum mechanics Truesdell & Toupin (1960); Truesdell & Noll (1969); Eringen (1980) ; ?); Zhao (2016) , the momentum conservation law can be expressed by the Cauchy stress: ∇x · σ + ρf = ρ ]R, where the lower index R denotes the reference (undeformed) configuration, and the first Piola-Kirchhoff stress tensor P = τ · F −T , and the second PiolaKirchhoff stress tensor S = F −1 · P . From the above tensor identities, we rewrite the momentum conservation law in the first Piola-Kirchhoff stress tensor
and in second Piola-Kirchhoff stress tensor 
, and Gi, ei, gi are the base vectors corresponding to the reference, intermediate and current configuration, respectively. The deformation decomposition is shown in Figure 1 .
Proposition 19. The dislocation density tensor is given by
The relation has been proved by the author in Sun (2018b) 
In similarly way, the tensor identity can also be applied to the polar decomposition of deformation gradient F = R · U = V · R, where R is rotation tensor (the orthogonal tensor), R T = R −1 , and U and V are right and left stretch tensor, respectively.
Conclusions
Although here we only demonstrated some identities for the 2nd order tensor, more complicated tensor calculus calculations can be done in similar way. The new tensor calculation definitions introduced in this paper has shown its usefulness in tensor calculus. With the new definitions, we can enjoy the power of tensor calculations. As a conclusion, we want to emphasize again that all the results obtained for cartesian tensors in this article also apply to tensors in any coordinate system.
